for odd k. We also give specific estimates for gAp, k), and an upper bound for the 77th in > 2) smallest prime kth power nonresidue as a function of the first n -1 prime nonresidues.
Upper bounds for gAp, k) should take on new interest since the author has shown elsewhere that the first two consecutive kth power nonresidues are bounded above by the product of the first two prime nonresidues.
1. Introduction. Throughout k will be an integer > 2 and p will be a prime = 1 (mod k). The 77th smallest prime ¿th power nonresidue, n > 2, will be denoted by g {p, k). In [4] the author investigated at some length the problem of finding upper bounds for g2{p, &)• The major purpose of this paper is to improve the bounds given in [4, Theorem 4],which are, to the best of our knowledge, the sharpest upper bounds known for gXp, k) tot odd k.
In particular, we are now able to prove the following result. It is well known that 5 < c,p log p tot all k where c, is an absolute constant (in fact c3 < 3.230; see [6] ). Of course, log p = o{pe/<ik~^) and, consequently, if (2.2) holds, (2.1) follows at once from (2.3).
Conversely, assume there exists e > 0 or k > 3 such that for every constant c4(i, k), there exist infinitely many primes with (2.4) g ¿p. k)>c4{e,k)pl/^k-" + e^k-l\ Norton [9] has shown that for each e > 0 and k > 2 there must exist a constant c Ac, k) such that for every odd prime p,
If (2.4) and (2.5) both hold, we must have hk_x{p, k) < {gAp, ¿))*-1.
But if gAp, k) > h,_Ap, k), and if x is any &th power nonresidue such that 1 < x < h,_ A[p, k), then clearly x = {gA^p, k))ay, where y is a &th power residue and 1 <a<k -2. Hence, the inequalities (2.4) and g2{p, k)
'> h,_x{p, k) imply that there are at most k -1 cosets of the subgroup of £th powers mod p, a contradiction. Consequently, if (2.4) holds, we have g2{p, k) <hk_1{p, k), and (2.1) follows from (2.5).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use THE SECOND SMALLEST PRIME k TH POWER NONRESIDUE 345 3. Specific estimates. We shall call an upper bound for g {p, k) a specific estimate if it is of the form g {p, k) < cp , where c and a ate specified real numbers and the bound holds for all p greater than a specified real number. We shall call a specific estimate a universal specific estimate if it is a specific estimate which holds for all p fot which g {p, k) exists.
L. K. Hua [7] has given the best specific estimate for gAp, k) for k = 2. In particular Hua showed that for k = 2 (and hence for even k) and p > e250, (3.1) gdp, k) < (57600p)5/16. Corollary. Let p be a prime for which gAp, k) = 2 so that gAp, k) is the smallest odd kth power nonresidue. Then (3.4) g2{p, 4) < 5.8172p174 log p+ 3. In conclusion, we note that Theorem 7 of [4] appears rather naive in
